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Jennrich’s algorithm has good theoretical 
properties

September 2, 2025 1

• In noiseless setting, it is guaranteed to exactly recover the factors if they satisfy the conditions (1-3) 

• If the tensor 𝑇𝑇 has small noise 𝑇𝑇′ = 𝑇𝑇 + 𝐸𝐸, we can prove that Jennrich’s algorithm is numerically stable 
(i.e., the output error is ∝ 𝐸𝐸 )

The ugly truth: it’s not a good idea to run Jennrich’s algorithm in practice



Jennrich’s algorithm is not very noise robust

September 2, 2025 2

(Sharan-Valiant, 2017)



Jennrich’s algorithm is not computationally 
efficient
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Bottleneck steps of Jennrich’s algorithm:

• Set

𝑀𝑀𝑎𝑎 ≔ �
𝑖𝑖∈ 𝑑𝑑

𝑎𝑎𝑖𝑖𝑇𝑇 : , : , 𝑖𝑖 and 𝑀𝑀𝑏𝑏 ≔ �
𝑖𝑖∈ 𝑑𝑑

𝑏𝑏𝑖𝑖𝑇𝑇 : , : , 𝑖𝑖

• Compute 𝐴𝐴 ≔ 𝑀𝑀𝑎𝑎𝑀𝑀𝑏𝑏
+ and 𝐵𝐵 ≔ 𝑀𝑀𝑎𝑎

+𝑀𝑀𝑏𝑏
⊤

• Let �𝑢𝑢1, … , �𝑢𝑢𝑘𝑘 be eigenvectors of 𝐴𝐴 with eigenvalues 𝜆𝜆1, … , 𝜆𝜆𝑘𝑘

Suppose 𝑇𝑇 = 𝔼𝔼 𝑥𝑥⊗3 . Then, 𝑀𝑀𝑎𝑎 = 𝔼𝔼 𝑎𝑎, 𝑥𝑥 𝑥𝑥𝑥𝑥⊤  is computable in 𝒪𝒪 𝑑𝑑2  time

𝒪𝒪 𝑑𝑑3 𝒪𝒪 𝑑𝑑2



Jennrich’s algorithm is not computationally 
efficient
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Bottleneck steps of Jennrich’s algorithm:

• Set

𝑀𝑀𝑎𝑎 ≔ �
𝑖𝑖∈ 𝑑𝑑

𝑎𝑎𝑖𝑖𝑇𝑇 : , : , 𝑖𝑖 and 𝑀𝑀𝑏𝑏 ≔ �
𝑖𝑖∈ 𝑑𝑑

𝑏𝑏𝑖𝑖𝑇𝑇 : , : , 𝑖𝑖

• Compute 𝐴𝐴 ≔ 𝑀𝑀𝑎𝑎𝑀𝑀𝑏𝑏
+ and 𝐵𝐵 ≔ 𝑀𝑀𝑎𝑎

+𝑀𝑀𝑏𝑏
⊤

• Let �𝑢𝑢1, … , �𝑢𝑢𝑘𝑘 be eigenvectors of 𝐴𝐴 with eigenvalues 𝜆𝜆1, … , 𝜆𝜆𝑘𝑘

The bottleneck comes from dense matrix operations

𝒪𝒪 𝑑𝑑3 𝒪𝒪 𝑑𝑑2

𝒪𝒪 𝑑𝑑𝜔𝜔   or 𝒪𝒪 𝑑𝑑3

𝜔𝜔 ≈ 2.371 is the fast matrix 
multiplication exponent 

(Alman et al. 2024)



Today’s plan
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We’ll explore the iterative methods that heuristic tensor decomposition algorithms build upon:

• Gradient descent

• Power iteration

• Alternating minimization  

For simplicity, let’s assume 𝑇𝑇 is a symmetric 3-tensor:

𝑇𝑇 = �
𝑖𝑖∈ 𝑘𝑘

𝜆𝜆𝑖𝑖𝑢𝑢𝑖𝑖 ⊗ 𝑢𝑢𝑖𝑖 ⊗ 𝑢𝑢𝑖𝑖

where 𝑢𝑢𝑖𝑖 ∈ ℝ𝑑𝑑 are orthonormal vectors

At the end of this lecture, we’ll see how to remove the orthogonality assumption



Gradient descent
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Consider the following polynomial optimization problem:

max
𝑥𝑥 =1

𝑝𝑝 𝑥𝑥 ≔ �
𝑎𝑎,𝑏𝑏,𝑐𝑐

𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎  𝑥𝑥𝑎𝑎𝑥𝑥𝑏𝑏𝑥𝑥𝑐𝑐 = 𝑇𝑇 𝑥𝑥, 𝑥𝑥, 𝑥𝑥 = �
𝑖𝑖

𝜆𝜆𝑖𝑖 𝑢𝑢𝑖𝑖 , 𝑥𝑥 3  

• We assume 𝑢𝑢𝑖𝑖  are orthonormal

• In this case, you can show that 𝑢𝑢𝑖𝑖  are exactly the local maximizers of 𝑝𝑝 𝑥𝑥  over 𝕊𝕊𝑑𝑑−1 

→ When 𝑥𝑥 ≈ 𝑢𝑢𝑖𝑖:    𝑝𝑝 𝑥𝑥 ≈ 𝜆𝜆𝑖𝑖 𝑢𝑢𝑖𝑖 , 𝑥𝑥 3 ≈ 𝜆𝜆𝑖𝑖 > 0 

→ When 𝑥𝑥 ⊥ 𝑢𝑢𝑖𝑖  ∀𝑖𝑖 ∈ 𝑘𝑘 :    𝑝𝑝 𝑥𝑥 ≈ 0

Gradient ascent:

𝑥𝑥𝑡𝑡 = 𝑥𝑥𝑡𝑡−1 + 𝜂𝜂 ⋅ ∇𝑝𝑝 𝑥𝑥
= 𝑥𝑥𝑡𝑡−1 + 3𝜂𝜂 ⋅ 𝑇𝑇 : , 𝑥𝑥, 𝑥𝑥 𝑇𝑇 : , 𝑥𝑥, 𝑥𝑥 𝑎𝑎 ≔�

𝑏𝑏,𝑐𝑐

𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎𝑥𝑥𝑏𝑏𝑥𝑥𝑐𝑐

(homework)



(Riemannian) Gradient descent
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𝑥𝑥𝑡𝑡+1 = proj 𝑥𝑥𝑡𝑡 + 3𝜂𝜂 ⋅ 𝑇𝑇 : , 𝑥𝑥𝑡𝑡 , 𝑥𝑥𝑡𝑡



(Riemannian) Gradient descent
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𝑥𝑥𝑡𝑡+1 = proj 𝑥𝑥𝑡𝑡 + 3𝜂𝜂 ⋅ 𝑇𝑇 : , 𝑥𝑥𝑡𝑡 , 𝑥𝑥𝑡𝑡



(Riemannian) Gradient descent
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𝑥𝑥𝑡𝑡+1 = proj 𝑥𝑥𝑡𝑡 + 3𝜂𝜂 ⋅ 𝑇𝑇 : , 𝑥𝑥𝑡𝑡 , 𝑥𝑥𝑡𝑡



(Riemannian) Gradient descent
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𝑥𝑥𝑡𝑡+1 = proj 𝑥𝑥𝑡𝑡 + 3𝜂𝜂 ⋅ 𝑇𝑇 : , 𝑥𝑥𝑡𝑡 , 𝑥𝑥𝑡𝑡



(Riemannian) Gradient descent
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𝑥𝑥𝑡𝑡+1 = proj 𝑥𝑥𝑡𝑡 + 3𝜂𝜂 ⋅ 𝑇𝑇 : , 𝑥𝑥𝑡𝑡 , 𝑥𝑥𝑡𝑡

“tangent space”

“wasted” move



(Riemannian) Gradient descent
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𝑥𝑥𝑡𝑡+1 = proj 𝑥𝑥𝑡𝑡 + 3𝜂𝜂 ⋅ Π ⋅ 𝑇𝑇 : , 𝑥𝑥𝑡𝑡 , 𝑥𝑥𝑡𝑡

“tangent space”
Let Π ≔ 𝐼𝐼 − 𝑥𝑥𝑡𝑡 𝑥𝑥𝑡𝑡 ⊤ be the 
projection to tangent space



(Riemannian) Gradient descent
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𝑥𝑥𝑡𝑡+1 = proj 𝑥𝑥𝑡𝑡 + 3𝜂𝜂 ⋅ Π ⋅ 𝑇𝑇 : , 𝑥𝑥𝑡𝑡 , 𝑥𝑥𝑡𝑡

“tangent space”
Let Π ≔ 𝐼𝐼 − 𝑥𝑥𝑡𝑡 𝑥𝑥𝑡𝑡 ⊤ be the 
projection to tangent space



(Riemannian) Gradient descent
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𝑥𝑥𝑡𝑡+1 = proj 𝑥𝑥𝑡𝑡 + 3𝜂𝜂 ⋅ Π ⋅ 𝑇𝑇 : , 𝑥𝑥𝑡𝑡 , 𝑥𝑥𝑡𝑡

“tangent space”
Let Π ≔ 𝐼𝐼 − 𝑥𝑥𝑡𝑡 𝑥𝑥𝑡𝑡 ⊤ be the 
projection to tangent space



(Riemannian) Gradient descent
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𝑥𝑥𝑡𝑡+1 = proj 𝑥𝑥𝑡𝑡 + 3𝜂𝜂 ⋅ Π ⋅ 𝑇𝑇 : , 𝑥𝑥𝑡𝑡 , 𝑥𝑥𝑡𝑡

= proj 𝑥𝑥𝑡𝑡 + 3𝜂𝜂 ⋅ 𝐼𝐼 − 𝑥𝑥𝑡𝑡 𝑥𝑥𝑡𝑡 ⊤ ⋅ 𝑇𝑇 : , 𝑥𝑥𝑡𝑡, 𝑥𝑥𝑡𝑡

= proj 𝑥𝑥𝑡𝑡 + 3𝜂𝜂 ⋅ 𝑇𝑇 : , 𝑥𝑥𝑡𝑡 , 𝑥𝑥𝑡𝑡 − 3𝜂𝜂 ⋅ 𝑥𝑥𝑡𝑡�
𝑎𝑎𝑎𝑎𝑎𝑎

𝑥𝑥𝑡𝑡 𝑎𝑎 𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎 𝑥𝑥𝑡𝑡 𝑎𝑎 𝑥𝑥𝑡𝑡 𝑏𝑏

= proj 𝑥𝑥𝑡𝑡 + 3𝜂𝜂 ⋅ 𝑇𝑇 : , 𝑥𝑥𝑡𝑡 , 𝑥𝑥𝑡𝑡 − 3𝜂𝜂 ⋅ 𝑥𝑥𝑡𝑡 ⋅ 𝑇𝑇 𝑥𝑥𝑡𝑡 , 𝑥𝑥𝑡𝑡 , 𝑥𝑥𝑡𝑡

If we take 𝜂𝜂 ≔ 1
3𝑝𝑝 𝑥𝑥𝑡𝑡

 as the step size, 

• Tensor generalization of the matrix power method for finding top eigenvalue!

𝑝𝑝 𝑥𝑥𝑡𝑡

𝑥𝑥𝑡𝑡+1 = proj
𝑇𝑇 : , 𝑥𝑥𝑡𝑡 , 𝑥𝑥𝑡𝑡

𝑝𝑝 𝑥𝑥𝑡𝑡 =
𝑇𝑇 : , 𝑥𝑥𝑡𝑡 , 𝑥𝑥𝑡𝑡

𝑇𝑇 : , 𝑥𝑥𝑡𝑡 , 𝑥𝑥𝑡𝑡



Matrix power method
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• Let 𝑀𝑀 = ∑𝑖𝑖 𝜆𝜆𝑖𝑖𝑢𝑢𝑖𝑖 ⊗ 𝑢𝑢𝑖𝑖 (≡ 𝑢𝑢𝑖𝑖𝑢𝑢𝑖𝑖⊤)

• Let 𝑥𝑥0 = ∑𝑖𝑖 𝑎𝑎𝑖𝑖,0𝑢𝑢𝑖𝑖 be the initial point

• Matrix power method update rule:

𝑥𝑥𝑡𝑡+1 =
𝑀𝑀𝑥𝑥𝑡𝑡

𝑀𝑀𝑥𝑥𝑡𝑡
= proj 𝑀𝑀 : , 𝑥𝑥𝑡𝑡

• We can track the correlations of 𝑥𝑥𝑡𝑡 and each eigenvector 𝑢𝑢𝑖𝑖:

𝑎𝑎𝑖𝑖,𝑡𝑡 ≔ 𝑥𝑥𝑡𝑡 ,𝑢𝑢𝑖𝑖 =
1

𝑀𝑀𝑥𝑥𝑡𝑡−1
�
𝑗𝑗

𝜆𝜆𝑗𝑗𝑎𝑎𝑗𝑗,𝑡𝑡−1 𝑢𝑢𝑖𝑖 ,𝑢𝑢𝑗𝑗 =
𝜆𝜆𝑖𝑖

𝑀𝑀𝑥𝑥𝑡𝑡−1
𝑎𝑎𝑖𝑖,𝑡𝑡−1

𝑎𝑎𝑖𝑖,𝑡𝑡
𝑎𝑎𝑖𝑖,𝑡𝑡

=
𝜆𝜆𝑖𝑖
𝜆𝜆1
⋅
𝑎𝑎𝑖𝑖,𝑡𝑡−1
𝑎𝑎1,𝑡𝑡−1

=
𝜆𝜆𝑖𝑖
𝜆𝜆1

2 𝑎𝑎𝑖𝑖,𝑡𝑡−2
𝑎𝑎1,𝑡𝑡−2

⋯ =
𝜆𝜆𝑖𝑖
𝜆𝜆1

𝑡𝑡 𝑎𝑎𝑖𝑖,0
𝑎𝑎1,0

→ 0   if   𝜆𝜆𝑖𝑖
𝜆𝜆1

< 1

Exponential (“linear”) convergence



Tensor power method
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• Let 𝑇𝑇 = ∑𝑖𝑖 𝜆𝜆𝑖𝑖𝑢𝑢𝑖𝑖 ⊗ 𝑢𝑢𝑖𝑖 ⊗ 𝑢𝑢𝑖𝑖

• Let 𝑥𝑥0 = ∑𝑖𝑖 𝑎𝑎𝑖𝑖,0𝑢𝑢𝑖𝑖 be the initial point

• Tensor power method update rule:

𝑥𝑥𝑡𝑡+1 = proj 𝑇𝑇 : , 𝑥𝑥𝑡𝑡 , 𝑥𝑥𝑡𝑡 =
𝑇𝑇 : , 𝑥𝑥𝑡𝑡 , 𝑥𝑥𝑡𝑡

𝑇𝑇 : , 𝑥𝑥𝑡𝑡 , 𝑥𝑥𝑡𝑡

• Track the the correlations of 𝑥𝑥𝑡𝑡 and each orthonormal factor 𝑢𝑢𝑖𝑖:

𝑎𝑎𝑖𝑖,𝑡𝑡 ≔ 𝑥𝑥𝑡𝑡,𝑢𝑢𝑖𝑖 =
1

𝑇𝑇 : , 𝑥𝑥𝑡𝑡−1, 𝑥𝑥𝑡𝑡−1
�

𝑖𝑖
𝜆𝜆𝑖𝑖𝑢𝑢𝑖𝑖 𝑥𝑥𝑡𝑡−1,𝑢𝑢𝑖𝑖 2 ,𝑢𝑢𝑖𝑖

=
𝜆𝜆𝑖𝑖𝑎𝑎𝑖𝑖,𝑡𝑡−12

𝑇𝑇 : , 𝑥𝑥𝑡𝑡−1, 𝑥𝑥𝑡𝑡−1



Tensor power method
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𝑎𝑎𝑖𝑖,𝑡𝑡 =
𝜆𝜆𝑖𝑖𝑎𝑎𝑖𝑖,𝑡𝑡−12

𝑇𝑇 : , 𝑥𝑥𝑡𝑡−1, 𝑥𝑥𝑡𝑡−1

• We also compute the ratio:

𝑎𝑎𝑖𝑖,𝑡𝑡
𝑎𝑎1,𝑡𝑡

=
𝜆𝜆𝑖𝑖
𝜆𝜆1
𝑎𝑎𝑖𝑖,𝑡𝑡−12

𝑎𝑎1,𝑡𝑡−1
2 =

𝜆𝜆𝑖𝑖
𝜆𝜆1

1+2 𝑎𝑎𝑖𝑖,𝑡𝑡−2
𝑎𝑎1,𝑡𝑡−2

22

= ⋯ =
𝜆𝜆𝑖𝑖
𝜆𝜆1

1+2+⋯+2𝑡𝑡−1 𝑎𝑎𝑖𝑖,0
𝑎𝑎1,0

2𝑡𝑡

=
𝜆𝜆𝑖𝑖𝑎𝑎𝑖𝑖,0
𝜆𝜆1𝑎𝑎1,0

2𝑡𝑡 𝜆𝜆1
𝜆𝜆𝑖𝑖

• However, the probability that max
𝑖𝑖≠1

𝜆𝜆𝑖𝑖𝑎𝑎𝑖𝑖,0
𝜆𝜆1𝑎𝑎1,0

< 1 for a random initial point is ∼ ⁄1 𝑘𝑘

• But we can just use the above to argue we converge to whichever 𝑢𝑢𝑖𝑖 maximizes 𝜆𝜆𝑖𝑖𝑎𝑎𝑖𝑖,0

→ 0   if   𝜆𝜆𝑖𝑖𝑎𝑎𝑖𝑖,0
𝜆𝜆1𝑎𝑎1,0

< 1

doubly exponential (“quadratic”) convergence



Tensor power method
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How to find the remaining factors?

• Deflation

• Run tensor power method to find one factor �𝑢𝑢𝑖𝑖
• The coefficient 𝜆𝜆𝑖𝑖 ≈ 𝑝𝑝 �𝑢𝑢𝑖𝑖 = 𝑇𝑇 �𝑢𝑢𝑖𝑖 , �𝑢𝑢𝑖𝑖 , �𝑢𝑢𝑖𝑖  

• Let 𝑇𝑇 ← 𝑇𝑇 − 𝑝𝑝 �𝑢𝑢𝑖𝑖 �𝑢𝑢𝑖𝑖 ⊗ �𝑢𝑢𝑖𝑖 ⊗ �𝑢𝑢𝑖𝑖, repeat

• Clustering

• Use different random initial points to run tensor power method

• Let �𝑢𝑢1, … , �𝑢𝑢𝑛𝑛 be the outputs

• Run a clustering algorithm to estimate 𝑢𝑢1, … ,𝑢𝑢𝑘𝑘



Alternating least squares (ALS)
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View tensor decomposition as a pure optimization problem:

min
�𝑢𝑢1,…,�𝑢𝑢𝑘𝑘

 𝑇𝑇 −�
𝑖𝑖∈ 𝑘𝑘

�𝑢𝑢𝑖𝑖 ⊗ �𝑢𝑢𝑖𝑖 ⊗ �𝑢𝑢𝑖𝑖
𝐹𝐹

2

In each iteration, we fix two dimensions and optimize the remaining one:

�𝑢𝑢𝑖𝑖𝑡𝑡+1 = proj arg min
�𝑢𝑢𝑖𝑖

 𝑇𝑇 −�
𝑖𝑖∈ 𝑘𝑘

�𝑢𝑢𝑖𝑖 ⊗ �𝑢𝑢𝑖𝑖𝑡𝑡 ⊗ �𝑢𝑢𝑖𝑖𝑡𝑡
𝐹𝐹

2

Hard to analyze, but very powerful in practice.

just a least-squares regression



Rank-1 ALS is tensor power method
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arg min
�𝑢𝑢

𝑇𝑇 − �𝑢𝑢 ⊗ �𝑢𝑢𝑡𝑡 ⊗ �𝑢𝑢𝑡𝑡 𝐹𝐹
2 = arg min

�𝑢𝑢
�
𝑎𝑎𝑎𝑎𝑎𝑎

𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎 − �𝑢𝑢 𝑎𝑎 �𝑢𝑢𝑡𝑡 𝑏𝑏 �𝑢𝑢𝑡𝑡 𝑐𝑐
2

= arg min
�𝑢𝑢
�
𝑎𝑎𝑎𝑎𝑎𝑎

𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎2 − 2𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎 �𝑢𝑢 𝑎𝑎 �𝑢𝑢𝑡𝑡 𝑏𝑏 �𝑢𝑢𝑡𝑡 𝑐𝑐 + �𝑢𝑢 𝑎𝑎
2 �𝑢𝑢𝑡𝑡 𝑏𝑏

2 �𝑢𝑢𝑡𝑡 𝑐𝑐
2

= arg min
�𝑢𝑢
�
𝑎𝑎

−2 �𝑢𝑢 𝑎𝑎�
𝑏𝑏𝑐𝑐

𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎 �𝑢𝑢𝑡𝑡 𝑏𝑏 �𝑢𝑢𝑡𝑡 𝑐𝑐 + �𝑢𝑢 𝑎𝑎
2�

𝑏𝑏𝑐𝑐

�𝑢𝑢𝑡𝑡 𝑏𝑏
2 �𝑢𝑢𝑡𝑡 𝑐𝑐

2

= arg min
�𝑢𝑢
�
𝑎𝑎

−2 �𝑢𝑢 𝑎𝑎𝑇𝑇 : , �𝑢𝑢𝑡𝑡 , �𝑢𝑢𝑡𝑡 + �𝑢𝑢 𝑎𝑎
2

Therefore, the lease-squares solution is �𝑢𝑢 = 𝑇𝑇 : , �𝑢𝑢𝑡𝑡 , �𝑢𝑢𝑡𝑡 , and

�𝑢𝑢𝑡𝑡+1 = proj 𝑇𝑇 : , �𝑢𝑢𝑡𝑡 , �𝑢𝑢𝑡𝑡  

Tensor power method update rule



Removing the orthogonality condition
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In our previous discussions, we assume that 𝑇𝑇 = ∑𝑖𝑖 𝜆𝜆𝑖𝑖𝑢𝑢𝑖𝑖 ⊗ 𝑢𝑢𝑖𝑖 ⊗ 𝑢𝑢𝑖𝑖 and 𝑢𝑢𝑖𝑖  are orthonormal vectors. What 
if they are non-orthogonal but only linearly independent?

We’ll see two solutions:

1. Whitening

2. Directly analyzing the tensor power method for non-orthogonal factors



Whitening
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In many practical applications, we not only get access to 𝑇𝑇, but also to the following matrix:

𝑀𝑀 = �
𝑖𝑖
𝜆𝜆𝑖𝑖𝑢𝑢𝑖𝑖𝑢𝑢𝑖𝑖⊤

We can do the following procedure to orthogonalize the factors:

• Let 𝑀𝑀 = 𝑉𝑉𝑉𝑉𝑉𝑉⊤ be the eigendecomposition of 𝑀𝑀, where 𝑉𝑉 ∈ ℝ𝑑𝑑×𝑘𝑘 and 𝐷𝐷 ∈ ℝ𝑘𝑘×𝑘𝑘

• Define 𝑊𝑊 ≔ 𝑉𝑉𝐷𝐷− ⁄1 2 and �𝑢𝑢𝑖𝑖 ≔ 𝜆𝜆𝑖𝑖𝑊𝑊⊤𝑢𝑢𝑖𝑖 ∈ ℝ𝑘𝑘

• Then, we can check that

�
𝑖𝑖=1

𝑘𝑘

�𝑢𝑢𝑖𝑖 �𝑢𝑢𝑖𝑖⊤ = �
𝑖𝑖=1

𝑘𝑘

𝜆𝜆𝑖𝑖𝑊𝑊⊤𝑢𝑢𝑖𝑖𝑢𝑢𝑖𝑖⊤𝑊𝑊 = 𝑊𝑊⊤𝑀𝑀𝑀𝑀 = 𝐷𝐷− ⁄1 2𝑉𝑉⊤𝑉𝑉𝐷𝐷𝑉𝑉⊤𝑉𝑉𝐷𝐷− ⁄1 2 = 𝐷𝐷− ⁄1 2𝐷𝐷𝐷𝐷− ⁄1 2 = 𝐼𝐼

• It implies that �𝑢𝑢𝑖𝑖  are orthonormal



Whitening
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• �𝑢𝑢𝑖𝑖 ≔ 𝜆𝜆𝑖𝑖𝑊𝑊⊤𝑢𝑢𝑖𝑖  are orthonormal 

• Define a new tensor 𝑇𝑇′ ≔ 𝑇𝑇 𝑊𝑊,𝑊𝑊,𝑊𝑊 ∈ ℝ𝑘𝑘×𝑘𝑘×𝑘𝑘 such that

𝑇𝑇𝑎𝑎𝑎𝑎𝑎𝑎′ = �
𝑎𝑎′𝑏𝑏′𝑐𝑐′∈ 𝑑𝑑

𝑇𝑇𝑎𝑎′𝑏𝑏′𝑐𝑐′𝑊𝑊𝑎𝑎′𝑎𝑎𝑊𝑊𝑏𝑏′𝑏𝑏𝑊𝑊𝑐𝑐′𝑐𝑐  ∀𝑎𝑎, 𝑏𝑏, 𝑐𝑐 ∈ 𝑘𝑘

= �
𝑎𝑎′𝑏𝑏′𝑐𝑐′

�
𝑖𝑖

𝜆𝜆𝑖𝑖 𝑢𝑢𝑖𝑖 𝑎𝑎′ 𝑢𝑢𝑖𝑖 𝑏𝑏′ 𝑢𝑢𝑖𝑖 𝑐𝑐′𝑊𝑊𝑎𝑎′𝑎𝑎𝑊𝑊𝑏𝑏′𝑏𝑏𝑊𝑊𝑐𝑐′𝑐𝑐

= �
𝑖𝑖

𝜆𝜆𝑖𝑖 𝑊𝑊⊤𝑢𝑢𝑖𝑖 𝑎𝑎 𝑊𝑊⊤𝑢𝑢𝑖𝑖 𝑏𝑏 𝑊𝑊⊤𝑢𝑢𝑖𝑖 𝑐𝑐 = �
𝑖𝑖

𝜆𝜆𝑖𝑖
− ⁄1 2 �𝑢𝑢𝑖𝑖 𝑎𝑎 �𝑢𝑢𝑖𝑖 𝑏𝑏 �𝑢𝑢𝑖𝑖 𝑐𝑐

• Hence, 𝑇𝑇′ = ∑𝑖𝑖 𝜆𝜆𝑖𝑖
− ⁄1 2 �𝑢𝑢𝑖𝑖 ⊗ �𝑢𝑢𝑖𝑖 ⊗ �𝑢𝑢𝑖𝑖

• Transform back:
𝜆𝜆𝑖𝑖
− ⁄1 2𝐷𝐷 ⁄1 2𝑉𝑉⊤ �𝑢𝑢𝑖𝑖 = 𝜆𝜆𝑖𝑖

− ⁄1 2𝐷𝐷 ⁄1 2𝑉𝑉⊤𝜆𝜆𝑖𝑖
⁄1 2𝑊𝑊⊤𝑢𝑢𝑖𝑖 = 𝐷𝐷 ⁄1 2𝑉𝑉⊤𝑉𝑉𝐷𝐷− ⁄1 2𝑢𝑢𝑖𝑖 = 𝑢𝑢𝑖𝑖



Tensor power method for non-orthogonal factors
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Theorem (Sharan-Valiant, 2017). 

Consider a 𝑑𝑑-dimensional rank 𝑘𝑘 tensor 𝑇𝑇 = ∑𝑖𝑖∈ 𝑘𝑘 𝑢𝑢𝑖𝑖 ⊗ 𝑢𝑢𝑖𝑖 ⊗ 𝑢𝑢𝑖𝑖. 

Let 𝑐𝑐max = max
𝑖𝑖≠𝑗𝑗

𝑢𝑢𝑖𝑖 ,𝑢𝑢𝑗𝑗 , and assume 𝑐𝑐max ≤ ⁄1 𝑘𝑘1+𝜖𝜖. 

If the initial point is randomly chosen, then with high probability the tensor power method 
converge to one of the true factors (say 𝑢𝑢1) in 𝑁𝑁 = 𝒪𝒪 log 𝑘𝑘 + log log𝑑𝑑  steps, and the error at 
convergence satisfies 

𝑢𝑢1 − 𝑥𝑥𝑁𝑁 ≤ 𝒪𝒪 𝑘𝑘max 𝑐𝑐max, ⁄1 𝑑𝑑 2



Proof setups
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Tensor power method update:

𝑥𝑥𝑡𝑡 =
∑𝑖𝑖 𝑥𝑥𝑡𝑡−1,𝑢𝑢𝑖𝑖 2𝑢𝑢𝑖𝑖
∑𝑖𝑖 𝑥𝑥𝑡𝑡−1,𝑢𝑢𝑖𝑖 2𝑢𝑢𝑖𝑖

=
∑𝑖𝑖 𝑎𝑎𝑖𝑖,𝑡𝑡−12 𝑢𝑢𝑖𝑖
∑𝑖𝑖 𝑎𝑎𝑖𝑖,𝑡𝑡−12 𝑢𝑢𝑖𝑖

We have

𝑎𝑎𝑖𝑖,𝑡𝑡 = 𝑥𝑥𝑡𝑡,𝑢𝑢𝑖𝑖 =
∑𝑗𝑗 𝑎𝑎𝑗𝑗,𝑡𝑡−1

2 𝑢𝑢𝑗𝑗 ,𝑢𝑢𝑖𝑖
∑𝑗𝑗 𝑎𝑎𝑗𝑗,𝑡𝑡−1

2 𝑢𝑢𝑗𝑗
=
𝑎𝑎1,𝑡𝑡−1
2 ∑𝑗𝑗 �𝑎𝑎𝑗𝑗,𝑡𝑡−1

2 𝑐𝑐𝑖𝑖,𝑗𝑗
∑𝑗𝑗 𝑎𝑎𝑗𝑗,𝑡𝑡−1

2 𝑢𝑢𝑗𝑗

𝑎𝑎1,𝑡𝑡 =
𝑎𝑎1,𝑡𝑡−1
2 ∑𝑗𝑗 �𝑎𝑎𝑗𝑗,𝑡𝑡−1

2 𝑐𝑐1,𝑗𝑗

∑𝑗𝑗 𝑎𝑎𝑗𝑗,𝑡𝑡−1
2 𝑢𝑢𝑗𝑗

�𝑎𝑎𝑖𝑖,𝑡𝑡 =
𝑎𝑎𝑖𝑖,𝑡𝑡
𝑎𝑎1,𝑡𝑡

=
∑𝑗𝑗 �𝑎𝑎𝑗𝑗,𝑡𝑡−1

2 𝑐𝑐𝑖𝑖,𝑗𝑗
∑𝑗𝑗 �𝑎𝑎𝑗𝑗,𝑡𝑡−1

2 𝑐𝑐1,𝑗𝑗
=
𝑐𝑐𝑖𝑖,1 + �𝑎𝑎𝑖𝑖,𝑡𝑡−12 + ∑𝑗𝑗≠1,𝑖𝑖 �𝑎𝑎𝑗𝑗,𝑡𝑡−1

2 𝑐𝑐𝑖𝑖,𝑗𝑗
1 + ∑𝑗𝑗≥2 �𝑎𝑎𝑗𝑗,𝑡𝑡−1

2 𝑐𝑐1,𝑗𝑗

�𝑎𝑎𝑖𝑖,𝑡𝑡 ≔
𝑎𝑎𝑖𝑖,𝑡𝑡
𝑎𝑎1,𝑡𝑡

𝑎𝑎𝑖𝑖,𝑡𝑡 ≔ ⟨𝑥𝑥𝑡𝑡 ,𝑢𝑢𝑖𝑖⟩
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Define a sequence (potential energy):

𝛽𝛽0 = max
𝑖𝑖≠1

�𝑎𝑎𝑖𝑖,0
𝛽𝛽𝑡𝑡 = 𝑐𝑐max + 𝛽𝛽𝑡𝑡−12 + 3𝑘𝑘𝑐𝑐max𝛽𝛽𝑡𝑡−12

Lemma. For all 𝑡𝑡 ≥ 0 and for all 𝑖𝑖 ≠ 1, 

�𝑎𝑎𝑖𝑖,𝑡𝑡 ≤ 𝛽𝛽𝑡𝑡

Prove by induction on 𝑡𝑡:

• 𝑡𝑡 = 0:  (✦) trivially holds

• Assume (✦) holds for 0, … , 𝑡𝑡 − 1

(✦)
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�𝑎𝑎𝑖𝑖,𝑡𝑡 =
𝑐𝑐𝑖𝑖,1 + �𝑎𝑎𝑖𝑖,𝑡𝑡−12 + ∑𝑗𝑗≠1,𝑖𝑖 �𝑎𝑎𝑗𝑗,𝑡𝑡−1

2 𝑐𝑐𝑖𝑖,𝑗𝑗
1 + ∑𝑗𝑗≥2 �𝑎𝑎𝑗𝑗,𝑡𝑡−1

2 𝑐𝑐1,𝑗𝑗

• Denominator:

1 + ∑𝑗𝑗≥2 �𝑎𝑎𝑗𝑗,𝑡𝑡−1
2 𝑐𝑐1𝑗𝑗

−1 = 1 − ∑𝑗𝑗≥2 �𝑎𝑎𝑗𝑗,𝑡𝑡−1
2 𝑐𝑐1𝑗𝑗 + 𝑅𝑅1 where 𝑅𝑅1 ≤ ∑𝑗𝑗≥2 �𝑎𝑎𝑗𝑗,𝑡𝑡−1

2 𝑐𝑐1𝑗𝑗
2 ≤ 𝑘𝑘2𝑐𝑐max2 𝛽𝛽𝑡𝑡−14

1 −�
𝑗𝑗≥2

�𝑎𝑎𝑗𝑗,𝑡𝑡−1
2 𝑐𝑐1𝑗𝑗 + 𝑅𝑅1 ≤ 1 + 𝑘𝑘𝑐𝑐max𝛽𝛽𝑡𝑡−12 + 𝑘𝑘2𝑐𝑐max2 𝛽𝛽𝑡𝑡−14

• Numerator:

𝑐𝑐𝑖𝑖𝑖 + �𝑎𝑎𝑖𝑖,𝑡𝑡−12 + �
𝑗𝑗≠1,𝑖𝑖

�𝑎𝑎𝑗𝑗,𝑡𝑡−1
2 𝑐𝑐𝑖𝑖𝑖𝑖 ≤ 𝑐𝑐𝑖𝑖𝑖 + �𝑎𝑎𝑖𝑖,𝑡𝑡−12 + �

𝑗𝑗≠1,𝑖𝑖

�𝑎𝑎𝑗𝑗,𝑡𝑡−1
2 𝑐𝑐𝑖𝑖𝑖𝑖 ≤ 𝑐𝑐max + 𝛽𝛽𝑡𝑡−12 + 𝑘𝑘𝑐𝑐max𝛽𝛽𝑡𝑡−12

(by induction hypothesis)1 − 𝑥𝑥 −1 = 1 − 𝑥𝑥 + 𝒪𝒪 𝑥𝑥2  ∀𝑥𝑥 < 1
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Putting them together:

�𝑎𝑎𝑖𝑖,𝑡𝑡 = 𝑐𝑐𝑖𝑖𝑖 + �𝑎𝑎𝑖𝑖,𝑡𝑡−12 + �
𝑗𝑗≠1,𝑖𝑖

�𝑎𝑎𝑗𝑗,𝑡𝑡−1
2 𝑐𝑐𝑖𝑖𝑖𝑖 ⋅ 1 −�

𝑗𝑗≥2

�𝑎𝑎𝑗𝑗,𝑡𝑡−1
2 𝑐𝑐1𝑗𝑗 + 𝑅𝑅1

≤ 𝑐𝑐max + 𝛽𝛽𝑡𝑡−12 + 𝑘𝑘𝑐𝑐max𝛽𝛽𝑡𝑡−12 1 + 𝑘𝑘𝑐𝑐max𝛽𝛽𝑡𝑡−12 + 𝑘𝑘2𝑐𝑐max2 𝛽𝛽𝑡𝑡−14

≤ 𝑐𝑐max + 𝛽𝛽𝑡𝑡−12 + 2 + 𝑜𝑜 1 𝑘𝑘𝑐𝑐max𝛽𝛽𝑡𝑡−12

< 𝛽𝛽𝑡𝑡

If 𝛽𝛽𝑡𝑡 < 1, by induction, (✦) holds for any 𝑡𝑡 and 𝑖𝑖 ≠ 1

Lemma.   𝛽𝛽𝑡𝑡 < 3𝜂𝜂 for any 𝑡𝑡 = Ω log 𝑘𝑘 + log log𝑑𝑑 . Moreover, 𝛽𝛽𝑡𝑡 < 1 for any 𝑡𝑡 ≥ 0.

(𝑐𝑐max ≤ ⁄1 𝑘𝑘1+𝜖𝜖 and 𝛽𝛽𝑡𝑡−1 < 1)

𝛽𝛽0 = max
𝑖𝑖≠1

�𝑎𝑎𝑖𝑖,0
𝛽𝛽𝑡𝑡 = 𝑐𝑐max + 𝛽𝛽𝑡𝑡−12 + 3𝑘𝑘𝑐𝑐max𝛽𝛽𝑡𝑡−12

𝛽𝛽0 < 1 − ⁄5 𝑘𝑘𝜖𝜖0.1𝜂𝜂
by the random initialization

(proof omitted)

①②③



September 2, 2025 30

1. 𝛽𝛽𝑡𝑡 ∈ 0.1,1 − ⁄5 𝑘𝑘1+𝜖𝜖

We have

𝛽𝛽𝑡𝑡+1 = 𝑐𝑐max + 𝛽𝛽𝑡𝑡2 + 3𝑘𝑘𝑐𝑐max𝛽𝛽𝑡𝑡2 ≤ 1 + 4𝑘𝑘𝑐𝑐max 𝛽𝛽𝑡𝑡2

≤ 1 + 4𝑘𝑘𝑐𝑐max ⋅ 1 + 4𝑘𝑘𝑐𝑐max 2𝛽𝛽𝑡𝑡−12

 ⋮
≤ 1 + 4𝑘𝑘𝑐𝑐max 1+2+22+⋯+2𝑡𝑡−1𝛽𝛽02

𝑡𝑡

≤ 1 + 4𝑘𝑘𝑐𝑐𝑚𝑚𝑚𝑚𝑚𝑚 1 − ⁄5 𝑘𝑘𝜖𝜖 2𝑡𝑡

≤ 1 + ⁄4 𝑘𝑘𝜖𝜖 1 − ⁄5 𝑘𝑘𝜖𝜖 2𝑡𝑡

≤ 1 − ⁄1 𝑘𝑘𝜖𝜖 2𝑡𝑡

when 𝑡𝑡 ≥ 2 log𝑘𝑘, 1 − ⁄1 𝑘𝑘𝜖𝜖 2𝑡𝑡 < 0.1

𝛽𝛽0 < 1 − ⁄5 𝑘𝑘𝜖𝜖0.1𝜂𝜂

log𝑘𝑘 steps
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2. 𝛽𝛽𝑡𝑡 ∈ 𝜂𝜂, 0.1  where 𝜂𝜂 ≔ max 𝑐𝑐max, ⁄1 𝑑𝑑

We have

𝛽𝛽𝑡𝑡+1 = 𝑐𝑐max + 𝛽𝛽𝑡𝑡2 + 3𝑘𝑘𝑐𝑐max𝛽𝛽𝑡𝑡2 ≤ 𝛽𝛽𝑡𝑡2 + 𝛽𝛽𝑡𝑡2 + 0.3𝛽𝛽𝑡𝑡2 ≤ 2.5𝛽𝛽𝑡𝑡2

Thus, 𝛽𝛽𝑡𝑡 ≤ 2.5𝛽𝛽0 2𝑡𝑡 = 0.252𝑡𝑡 < 𝜂𝜂 when 𝑡𝑡 > log log 𝜂𝜂−1 = 𝒪𝒪 log log𝑑𝑑

3. 𝛽𝛽𝑡𝑡 ≤ 𝜂𝜂

We have

𝛽𝛽𝑡𝑡+1 = 𝑐𝑐max + 𝛽𝛽𝑡𝑡2 + 3𝑘𝑘𝑐𝑐max𝛽𝛽𝑡𝑡2 ≤ 𝜂𝜂 + 𝜂𝜂 + 0.3𝛽𝛽𝑡𝑡2 ≤ 3𝜂𝜂

𝛽𝛽0 < 1 − ⁄5 𝑘𝑘𝜖𝜖0.1𝜂𝜂

log𝑘𝑘 stepslog log𝑑𝑑 steps

3𝜂𝜂

1 step
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• We have proven that 𝛽𝛽𝑡𝑡 ≤ 3𝜂𝜂 for 𝑡𝑡 = Ω log𝑘𝑘 + log log𝑑𝑑

• Hence, by the previous Lemma,
�𝑎𝑎𝑖𝑖𝑖𝑖 ≤ 𝛽𝛽𝑡𝑡 = 𝒪𝒪 𝜂𝜂

• Recall the tensor power method update rule:

𝑥𝑥𝑡𝑡+1 =
∑𝑖𝑖 𝑥𝑥𝑡𝑡,𝑢𝑢𝑖𝑖 2𝑢𝑢𝑖𝑖
∑𝑖𝑖 𝑥𝑥𝑡𝑡,𝑢𝑢𝑖𝑖 2𝑢𝑢𝑖𝑖

=
∑𝑖𝑖 𝑎𝑎1,𝑡𝑡

2 �𝑎𝑎𝑖𝑖,𝑡𝑡2 𝑢𝑢𝑖𝑖
∑𝑖𝑖 𝑎𝑎1,𝑡𝑡

2 �𝑎𝑎𝑖𝑖,𝑡𝑡2 𝑢𝑢𝑖𝑖
=

∑𝑖𝑖 �𝑎𝑎𝑖𝑖,𝑡𝑡2 𝑢𝑢𝑖𝑖
∑𝑖𝑖 �𝑎𝑎𝑖𝑖,𝑡𝑡2 𝑢𝑢𝑖𝑖

=
𝑢𝑢1 + ∑𝑖𝑖>1 �𝑎𝑎𝑖𝑖,𝑡𝑡2 𝑢𝑢𝑖𝑖
𝑢𝑢1 + ∑𝑖𝑖>1 �𝑎𝑎𝑖𝑖,𝑡𝑡2 𝑢𝑢𝑖𝑖

• ∑𝑖𝑖>1 �𝑎𝑎𝑖𝑖,𝑡𝑡2 𝑢𝑢𝑖𝑖 ≤ 𝒪𝒪 𝑘𝑘𝜂𝜂2       ⟹    𝑧𝑧 ≔ 𝑢𝑢1 + ∑𝑖𝑖>1 �𝑎𝑎𝑖𝑖,𝑡𝑡2 𝑢𝑢𝑖𝑖 ∈ 1 ± 𝒪𝒪 𝑘𝑘𝜂𝜂2

 ⟹    𝑧𝑧−1 ∈ 1 ± 𝒪𝒪 𝑘𝑘𝜂𝜂2

• Thus, we get the desired error bound:

𝑢𝑢1 − 𝑥𝑥𝑡𝑡+1 = 1 − 𝑧𝑧−1 𝑢𝑢1 − 𝑧𝑧−1�
𝑖𝑖>1

�𝑎𝑎𝑖𝑖,𝑡𝑡2 𝑢𝑢𝑖𝑖 = 𝒪𝒪 𝑘𝑘𝜂𝜂2

Finish the proof of the Theorem
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Suppose 𝑥𝑥0 is sampled uniformly from 𝕊𝕊𝑑𝑑−1

Lemma. If 𝑐𝑐max < ⁄1 𝑘𝑘1+𝜖𝜖 for any constant 𝜖𝜖 > 0, then with probability at least 

1 − log𝒪𝒪(1) 𝑘𝑘
𝑘𝑘𝜖𝜖

, for any 𝑖𝑖 ≠ 1,

�𝑎𝑎𝑖𝑖,0 ≤ 1 −
5
𝑘𝑘𝜖𝜖  ∀𝑖𝑖 ≠ 1

See (Sharan-Valiant 2017, Lemma 1) for the proof.
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• Today, we see the key ideas and some theory behind the heuristic approaches for tensor decompositions

• We prove that the tensor power method converges fast if the factors are sufficiently “incoherent” 
(𝑐𝑐max < ⁄1 𝑘𝑘1+𝜖𝜖)

• Up to now, we only consider the underdetermined regime (𝑘𝑘 ≤ 𝑑𝑑)

• What about the overcomplete regime (𝑑𝑑 < 𝑘𝑘 ≤ 𝑑𝑑2)?

𝑑𝑑 = 400

𝑘𝑘 < 𝑑𝑑1.5

https://www.sitanchen.com/cs224/f24/scribe/lec3_final.pdf
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• Today, we see the key ideas and some theory behind the heuristic approaches for tensor decompositions

• We prove that the tensor power method converges fast if the factors are sufficiently “incoherent” 
(𝑐𝑐max < ⁄1 𝑘𝑘1+𝜖𝜖)

• Up to now, we only consider the underdetermined regime (𝑘𝑘 ≤ 𝑑𝑑)

• What about the overcomplete regime (𝑑𝑑 < 𝑘𝑘 ≤ 𝑑𝑑2)?

𝑑𝑑 = 400

𝑘𝑘 ≃ 𝑑𝑑1.5

https://www.sitanchen.com/cs224/f24/scribe/lec3_final.pdf
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• Today, we see the key ideas and some theory behind the heuristic approaches for tensor decompositions

• We prove that the tensor power method converges fast if the factors are sufficiently “incoherent” 
(𝑐𝑐max < ⁄1 𝑘𝑘1+𝜖𝜖)

• Up to now, we only consider the underdetermined regime (𝑘𝑘 ≤ 𝑑𝑑)

• What about the overcomplete regime (𝑑𝑑 < 𝑘𝑘 ≤ 𝑑𝑑2)?

𝑑𝑑 = 400

𝑘𝑘 > 𝑑𝑑1.5

https://www.sitanchen.com/cs224/f24/scribe/lec3_final.pdf
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